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Introduction

Introduction

e This chapter follows chapter 3 in Hamilton.

e |t provides a class of models for describing the dynamics of an
individual time series.

e We first go through a set of basic time series concepts and the
properties of various ARMA processes.
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Definitions

Definitions

Ensemble mean

e Imagine a sequence of | independent computers generating sequences
of random numbers from a distribution with finite first and second

moments:
(!
{ve 1)}t_—oor {ve 2)}t_—oo; e {Yt )}t_—oo

yt(i) is a draw from the random variable Y}
- The ensemble mean is defined as:

I

E[Y:] = /°° Yefy,(ve)dy: = lem(l/l)Z D =y,

— *}Oo .
R i=1
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Definitions

Definitions

Autocovariance

- The autocovariance is defined as:

E[( Y: — Nt)(yt—j - Mt—j)]

:/ / ()/t - Mt)()/t—j - ,ut—j)fYt,Yt_j(ytayt—j)dytdyt—j
!

=plim(1/1) > = 1), = pey) = e

|—o00 i=1
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Definitions

Definitions
Stationarity

e If neither the mean, nor the autocovariances depend on date t, then
the process Y; is said to be covariance-stationary or weakly stationary.

- EYil=nvt

CE((Ye ) (Yo~ i) =V t
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Definitions

Definitions
Ergodicity

e A stationary process is said to be ergodic if:

plim 1/TZyt = plim 1//2)/ =pu

T—oo I|—o00
e Example of a non-ergodic stationary process:
YD = 1O 4 e 1)~ N(O, N); € ~ N(O, o)

e Sufficient conditions for ergodicity of a stationary process:
Zﬁo ] < o0

STATIONARY ARMA PROCESSES Jestis Bueren



Moving Average Processes

Moving-Average Processes
MA(1)

o Let {€:}, e+ ~ N(0,02), i.i.d: Gaussian white noise
e Consider the process:
Y= p+ e+ 01,

this time series is called a first-order moving average process,denoted
MA(1).
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Moving Average Processes

Moving Average Processes
MA(1)

» Expectation: E[Y¢] =
* Autocovariance:
o?(146%), ifj=0
E[(Ye — n)(Yees — w)] = { 002, if j =1

0, otherwise

= Stationary
© 220yl = ?(1+6%) + |6]0”
= Ergodic
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Moving Average Processes

Moving Average Processes
MA(a)

» Expectation: E[Y¢] =

¢ Autocovariance:

o?(1+ XL 1 6? ifj=0
EYe— Yoy — )] = { 020+ S04 0i615), 110 <) <=g
0, otherwise

= Stationary

* 2isohyl <o
= Ergodic
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Moving Average Processes

Moving Average Processes
MA(0)

o Expectation: E[Y:] = i
e Autocovariance:

o? g2
EIYe— ) (Yes — )] = { (2026

= Stationary

. Zﬁo [yj| < o0 if 724 10i] < o0
= Ergodic
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if j=0
if j>0
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Autoregressive Processes

Autoregressive Processes
AR(1)

o Let {e}, €r ~ N(0,02), i.i.d: Gaussian white noise
e Consider the process:
Yi=c+oYi1+ e,

this time series is called a first-order autoregressive process,denoted
AR(1).

e Notice that this process takes the form of a first-order difference
equation.

e We know from our analysis of first-order difference equations that if
|¢| > 1, the consequences of €'s for Y accumulate = not covariance
stationary
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Autoregressive Processes

Autoregressive Processes
AR(1)

The solution is given by:

Ye =(c+ ) + e+ er1) + d*(c +er1) + -+
=c/(1—¢)+ €+ per_1 + ¢26t—2 + -

This can be viewed as an MA(co) process.

With |4 <1, 3222, |¢'| =1/(1 — |¢|) < co = Ergodic.

Autocovariance:

EI(Ye = 1)(Yeej — )] = 0°¢/ /(1 = %)
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Autoregressive Processes

Autoregressive Processes
AR(2)
* A second-order autoregression AR(2) satisfies,

Ye=c+ Y1+ P2Yeote (1)
or in lag operation notation,
(1—¢1L — 2LV, = e
e The process is stationary provided that the roots z; and z, of
1—¢1z—z>=0

lie outside the unit circle (or A; and A, smaller than one in modulus).
¢ We obtain:

(1= 1L — ¢ol?) = (1 — ML)(1 = AoL),
where \;1 = 1/z; and A\, = 1/2
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Autoregressive Processes

Autoregressive Processes
AR(2)

e To find autocovariances subtract the unconditional mean
(n=c/(1— ¢1 — ¢2)) on both sides of equation (1) multiply by
Y:—j — i and take expectations:

Yj = ¢1Yj—1 + P2yj—2 for j >0 (2)

e For the first 3 autocovariances we have:

Yo =171 + 272 + 02
Y1 =017 + P21
Y2 =¢171 + P270

which is a system of equations with 3 equations and 3 unknowns.

e For further autocovariances, iterate on equation (2).
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Autoregressive Processes

Autoregressive Processes
AR(p)

e These techniques generalize in a straightforward way to pth-order
difference equation of the form

Ve = Q1yt-1+ Payr2+ -+ dpYr—p + €t (3)

written in terms of the lag operator as:

(L=1L = —dplP)yr = et
e The process is stationary as long as the roots of:
(I—¢rz—---—¢pzP) =0
lie outside the unit circle.
e Then,
(1= g1l — -+ — gplP) = (1 = ML)(1 = AoL).o(1 = AplL)
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Autoregressive Processes

Autoregressive Processes
AR(p)
e To find autocovariances subtract the unconditional mean
(L=1/(1—¢1—...¢p)) on both sides of equation (3) multiply by
Y:—j — p and take expectations:

V= 1vj-1+ - + PpYjep (4)
e For the first p autocovariances we have:

Yo =¢171 + -+ Cbp’Yp + o’
T =170 + -+ PpYp-1

Vo =P1Vp—1+ -+ + PpY0
which is a system of equations with p+1 equations and p+1
unknowns.
* For further autocovariances, iterate on equation (4).
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Mixed Autoregressive Moving Average Processes

Mixed Autoregressive Moving Average Processes
ARMA(p,q)

e An ARMA(p,q) process includes both autoregressive and moving
average terms:

Yi=Cc+P1Ye1+PYe o+ +PpYep
+er + 0161+ o+ -+ 046tg (5)

or in lag operator form,
(I—¢1L—-- —plP)Ye=c+ (1 4+0L+ -+ 0qL%)€
e Provided that the roots of:
1—¢rz—--—¢pzP =0,
lie outside the unit circle, the process is stationary.
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Mixed Autoregressive Moving Average Processes

Mixed Autoregressive Moving Average Processes
ARMA(p,q)

e To find autocovariances subtract the unconditional mean
(L=1/(1—¢1—...¢p)) on both sides of equation (5) multiply by
Y:—j — v and take expectations:

V= 1vj-1+ -+ gprip forj>q (6)
e For an ARMA(1,1) we have:

Yo =p171 + o2(1 + 63)
Y1 =170 + 0102
v =11 ifj > 1

STATIONARY ARMA PROCESSES Jestis Bueren 18



Mixed Autoregressive Moving Average Processes

Mixed Autoregressive Moving Average Processes
ARMA(p,q)

e Which is a system of equations with p+1 equations and p+1
unknowns.

o For further autocovariances, iterate on equation (6).

e For estimation of ARMA models using the Kalman filter we need the
first max{p, g + 1} autocovariances.
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Invertibility

Invertibility

Consider an MA(1) process:
Yy —pu=(1+60L)e
Provided the |f| < 1 we can rewrite it as a AR(c0):
(1—0L+ 6022 L3 +..)(Ye — 1) = &
The process is then said invertible.
For an MA(q) the process is invertible provided that the roots of:
14012+ 02° +--+0,29=0

lie outside the unit circle.
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Box-Jenkins Modeling Philosophy

Box-Jenkins Modeling Philosophy

e Box and Jenkins popularized a three-stage method aimed at selecting
an appropriate model for the purpose of estimating a univariate time
series:

1. ldentification: examine autocorrelation (ACF) and partial
autocorrelation (PACF) function. A comparison of the samples ACF
and PACF to those of various theoretical ARMA processes may suggest
several plausible models.

2. Estimation of each of the tentative models

3. Model selection and ensure residuals mimic white-noise process.
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Box-Jenkins Modeling Philosophy

Box-Jenkins Modeling Philosophy

Identification

the jth autocorrelation of a covariance-stationary process is defined

as:
i
pi =
T
. ~ LT N N
* Sample autocovariance: 4; = T > ve = ) (ye—j — /1)
s
e Sample autocorrelation: p; = =
o

If data was generated by a white noise process: p; LN N(0,1/T)
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Box-Jenkins Modeling Philosophy

Box-Jenkins Modeling Philosophy

Identification: Autocorrelation Functions

1 AR(1) 1 AR(2)
0 JI!II_ll_—::*::- 0 JI!II_ll!l_l-_—-_-et
A A

0 10 20 0 10 20
1 MA(1) 1 MA(2)
0 J R 0 JIE:—H.:;—‘
- -

0 10 20 0 10 20
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Box-Jenkins Modeling Philosophy

Box-Jenkins Modeling Philosophy

Identification

o the mth partial autocorrelation is the last coefficient in an OLS
regression of y on a constant and its j most recent values:

~(m) ~(m)

Vil =C+ 07 Ty + 0y yp1 4+ dgnm)}/t—mﬂ + é

e If the data were really generated by a AR(p) process, then the sample
estimate dﬁn”’) for m > p would have a variance around the true value

(0) that could be approximated by:

Var(& (m) )~1/T form>p
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Box-Jenkins Modeling Philosophy

Box-Jenkins Modeling Philosophy

Identification: Partial Autocorrelation Functions

AR(1) 1 AR(2)
0 =ty —= — OJ.:::::::
-1 -1

0 10 20 0 10 20

MA(1) 1 MA(2)

0 =y 0 = =
-1 -1

0 10 20 0 10 20
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