Production

Jestis Bueren

Exercise 1. The Robot Uprising: Perfect Substitutes Production

Consider an economy where robots and workers are perfect substitutes in produc-
tion. Assume that the production function is given by:

Y = A[a(zK) +(1— a)L],

where:

* Y is total output in the economy.

A > 0 is total factor productivity, scaling how effectively inputs generate output.

K denotes the amount of physical capital (robots or machines).

* 2 > 1 captures the productivity of robots relative to workers; a higher ~ means
each unit of capital is more effective due to advances in AL

L is the amount of labor supplied by workers.

a € (0,1) determines the weight on capital in production, while 1 — «a determines
the weight on labor.

Unlike the simple case with fixed factors, this economy has elastic factor supply:

* Capital supply: K° = ~kr, where yx > 0 (more robots available when rental
rates rise)

e Labor supply: L* = vy w, where v > 0 (more workers available when wages
rise)

(a) Compute the marginal product of capital (MPK) and marginal product of labor
(MPL). How do they compare to the Cobb-Douglas case? What happened to
diminishing returns?

(b) Write down the firm’s profit-maximization problem and derive the first-order
conditions. Under perfect competition, what must » and w equal?

(c) Defining equilibrium: Write down all five equations that characterize the gen-
eral equilibrium of this economy (capital demand, labor demand, capital supply,
labor supply, and production function). List all endogenous and exogenous vari-
ables. Do you have as many equations as unknowns?
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(d) Solving the model: Find the equilibrium values r*, w*, K*, L*, and Y* in terms
of the exogenous parameters (A, a, v, V1)-

Hint: Start by using the first-order conditions to pin down factor prices, then use the
supply curves to find quantities.

(e) Compute the labor share of output, s;, = “]Y—L, in equilibrium. Express your
answer in terms of K* and L*.

(f) Technology shock: Suppose productivity A increases by 20%. What happens to:

* The rental rate 7* and wage w*?
¢ Capital K* and labor L*?
¢ Total output Y*?

Are workers better or worse off after this shock?

(g) Rise of the robots: Now suppose robots become more productive relative to
workers, so z increases. What happens to:

* The rental rate 7* and wage w*?
* Capital K* and labor L*?

e The labor share s;.?
Show mathematically that the labor share falls when = rises.

e How does it compare with the Cobb-Douglas case where Y = A(zK)*L'~*

Exercise 2. Growth Accounting: Is China a Productive Economy?

The production model we studied implies that output per worker is given by:
y = Ak%,

where y is GDP per worker, k is capital per worker, A is total factor productivity (TFP),
and o = 1/3. To ease comparisons, we normalize all U.S. variables to 1, so yus = kus =
AUS =1.

The following facts are observed for China relative to the United States:
¢ Capital per worker: kcyn = 0.50 (50% of the U.S. level).
¢ GDP per worker: ycun = 0.30 (30% of the U.S. level).

(a) Model prediction under equal TFP. Suppose both countries share the same tech-
nology, Acun = Aus = 1. According to the model, how large should China’s GDP
per worker be relative to the United States?

(b) Comparing model to data. How does your prediction in part (a) compare to
the observed value of ycun = 0.30? Does the capital gap alone explain China’s
income gap?



(©)

(d)

(e)

Backing out TFP. Now allow Acpn to differ from Ays. Use the production func-
tion and the observed values of ycun and kcpn to solve for Acyn. How large is
China’s TFP relative to the United States?

Decomposing the income gap. The gap in GDP per worker between the U.S.
and China can be decomposed into a part due to capital and a part due to TFP:

yus Aus " ( kus )1/3
ycun  Achn

kcun

Compute each of the two factors on the right-hand side. What share of the overall
income gap is accounted for by (i) the capital gap and (ii) the TFP gap?

Interpretation. Based on your results, is the main reason China is poorer than the
United States a lack of physical capital, or a lower level of productivity? What
does this suggest about the potential sources of China’s lower TFP (e.g., technol-
ogy, human capital, institutions)?



